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Abstract
We present here a complete description of the quantization of the baker’s
map. The method we use is quite different from that used in Balazs and
Voros [BV] and Saraceno [S]. We use as the quantum algebra of observables
the operators generated by {exp (2πix̂) , exp (2πip̂)} and construct a unitary
propagator such that as ~ → 0, the classical dynamics is returned. For
Planck’s constant h = 1/N , we show that the dynamics can be reduced to
the dynamics on an N -dimensional Hilbert space, and the unitary N × N
matrix propagator is the same as given in [BV] except for a small correction
of order h. This correction is is shown to preserve the symmetry x→ 1− x
and p→ 1− p of the classical map for periodic boundary conditions.
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A. The Classical Baker’s Map and its Covering Map
The classical baker’s map is a mapping of the unit torus onto itself defined
as follows. Let x and p be the coordinates on the torus and take
(x, p)→ (x′, p′) =
{
(2x, p/2), 0 ≤ x < 1/2;
(2x− 1, p/2 + 1/2), 1/2 ≤ x < 1. (1)
This map describes a stretching in x, shrinking in p, and chopping and
stacking, similar to the way bakers make certain pastries. The motion on the
torus is completely chaotic with a positive Liapunov exponent log 2, and in
fact is a paradigm for the study of classical chaos. For more details on the
classical baker’s map, including a description of the map as a dynamics on
binary digits, we refer the reader to [BV].
A quantum version of the map was introduced by Balazs and Voros [BV]
and then by Saraceno [S]. In this description, the dynamics is quantized for
values of Planck’s constant satisfying h = 1/N , by constructing a quantum
propagator umn as a unitary N × N matrix. The classical limit is demon-
strated numerically for N → ∞. Below we present a quantum propagator
which “reduces” to the finite dimensional matrix propagator given in [BV] at
the point θ = (0, 0), corresponding to periodic boundary conditions, except
for a correction of order ~. This correction is what preserves the classical
symmetry broken in the quantization scheme presented in [BV]. At other
points on the θ-torus, the question of whether the propagator has a finite-
dimensional “fixed point” remains open. It is the author’s guess that this is
the case, and it remains an interesting and fairly straightforward extension
of this work.
Our quantization procedure uses the fact that the baker’s map has a
natural lift to the universal covering R2of T2 given by
β : (x, p)→ (x′, p′) =

(2x, p/2), (x, p) ∈ l ∩ ep;
(2x− 1, p/2 + 1/2), (x, p) ∈ r ∩ ep;
(2x+ 1, p/2 + 1/2), (x, p) ∈ l ∩ op;
(2x, p/2), (x, p) ∈ r ∩ op,
(2)
so that for a, b ∈ Z,
β∗e2πi(ax+bp) = e4πiaxeiπp
(
χl (x) + (−1)b χr (x)
)(
χep (p) + (−1)b χop (p)
)
,
(3)
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where
l : = 〈[0, 1/2) + Z〉 × R,
r : = 〈[1/2, 1) + Z〉 × R, (4)
ep : = R×〈[0, 1) + 2Z〉 ,
op : = R×〈[1, 2) + 2Z〉 .
and
χl(x) =
{
1, x ∈ [0, 1/2) + Z
0, otherwise
,
χr(x) =
{
1, r ∈ [1/2, 1) + Z
0, otherwise
,
χep(p) =
{
1, p ∈ [0, 1) + 2Z
0, otherwise
,
χop(p) =
{
1, p ∈ [1, 2) + 2Z
0, otherwise
.
The inverse of this map is as follows:
β−1 : (x, p)→ (x′, p′) =

(x/2, 2p), (x, p) ∈ ex ∩ b;
(x/2− 1/2, 2p− 1), (x, p) ∈ ox ∩ b;
(x/2 + 1/2, 2p− 1), (x, p) ∈ ex ∩ t;
(x/2, 2p), (x, p) ∈ ox ∩ t,
(5)
where we have used the “conjugate” regions
b : = R×〈[0, 1/2) + Z〉 ,
t : = R×〈[1/2, 1) + Z〉 , (6)
ex : = 〈[0, 1) + 2Z〉×R,
ox : = 〈[1, 2) + 2Z〉 × R.
Observe that these subsets of R2 satisfy the following relations:
l ∪ r = b ∪ t = ep ∪ op = ex ∪ ox = R2,
l ∩ r = b ∩ t = ep ∩ op = ex ∩ ox = ∅.
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B. The Quantum Propagator
The outline of our quantization can now be described as follows. The
quantum algebra of observables is restricted to the set of operators gener-
ated by {U = exp (2πix̂) , V = exp (2πip̂)} (the quantization of the classical
algebra of periodic functions). We construct a quantum propagator by quan-
tizing the dynamics of the covering map (2). The quantum dynamics induced
on the algebra of observables for the quantum torus is the quantum baker’s
map. In this sense, this quantization is similar to one given in [DEG].
We now construct the quantum propagator F . The kinematics is already
given: the Hilbert space is the usual L2(R). For the dynamics, we work in
the Heisenberg picture, and first give the quantum analogs of equations (4)
and (6). We define the following projection operators:
L : =
∫
[0,1/2)+Z
|x〉 〈x| dx, (7)
R : =
∫
[1/2,1)+Z
|x〉 〈x| dx,
B : =
∫
[0,1/2)+Z
|p〉 〈p| dp,
T : =
∫
[1/2,1)+Z
|p〉 〈p| dp,
and
Ex : =
∫
[0,1)+2Z
|x〉 〈x| dx, (8)
Ox : =
∫
[1,2)+2Z
|x〉 〈x| dx,
Ep : =
∫
[0,1)+2Z
|p〉 〈p| dp,
Op : =
∫
[1,2)+2Z
|p〉 〈p| dp.
Observe that
L+R = B + T = Ex +Ox = Ep +Op = I,
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and
LR = BT = ExOx = EpOp = 0.
We next define appropriate “shift” operators. A shift in p, or a shift in x, by
unity is achieved by the following unitary operators, respectively:
X = eix̂/~,
Y = eip̂/~.
Note that X and Y commute with the algebra A~ generated by U and V .
We shall also need the following commutation relations:
XL = LX, Y L = LY, XR = RX, Y R = RY, (9)
Y 1/2L = RY 1/2, X1/2B = TX1/2,
Y Ex = OxY, XEp = OpX.
We demonstrate one of these commutation relations explicitly. The others
involve similar calculations:
Y L = eip̂/~
∫
[0,1/2)+Z
|x〉 〈x| dxe−ip̂/~eip̂/~
=
∫
[0,1/2)+Z
|x− 1〉 〈x− 1| dxeip̂/~
=
∫
[0,1/2)+Z
|x〉 〈x| dxeip̂/~ = LY.
We next find the unitary operator S which takes x̂ to 2x̂ and p̂ to p̂/2.
We construct this operator by intuition and appealing to the corresponsding
classical action which takes x→ 2x and p→ p/2. Consider the commutator
of x̂ with (x̂p̂ + p̂x̂)n. We find for any integer n
x̂ (x̂p̂+ p̂x̂)n = (x̂p̂+ p̂x̂+ 2i~)n x̂
thus formally, for any operator expandable as a Taylor series in x̂p̂+ p̂x̂, we
find
x̂f (x̂p̂+ p̂x̂) = f (x̂p̂+ p̂x̂+ 2i~) x̂.
Thus, if we define the operator
S := exp
(
−i log 2
2~
(x̂p̂+ p̂x̂)
)
(10)
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we see formally
x̂S = 2Sx̂,
p̂S = Sp̂/2,
or
S†x̂S = 2x̂,
S†p̂S = p̂/2.
We can make this argument rigorous with straightforward continuity argu-
ment, which we omit here. Observe also that the operator S is unitary since
x̂p̂+ p̂x̂ is Hermitian.
We are now in a position to write down a propagator for the baker’s map.
Based on equation 3, we have the following definition.
Definition 1 (Baker’s Map Propagator) Let the operator F be defined
as follows:
F = S(L+X−1R)(Ep + Y
−1/2Op) (11)
= (Ex +X
−1/2Ox)(B + Y
−1T )S (12)
Lemma 2 F is unitary.
Proof. Observe that Ex = E
†
x, Ox = O
†
x, B = B
†, T = T †. It follows that
(L+X−1R)(L+X−1R)† = L+R = I,
(Ep + Y
−1/2Op)(Ep + Y
−1/2Op)
† = Ep +Op = I.
Thus F is the product of three unitary operators, hence is unitary.
I. The Classical Limit
Because of the piecewise continuity of the baker’s map (and its covering
map), the classical limit requires more thought. The basic problem comes
from the fact that the projection operators L and Ep (for example) do not
commute as ~ → 0 (even weakly). This fact comes basically from scaling -
each term contributes less, but the number of terms increases.
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All is not lost, however, as we can take a more constrained view of what
constitutes a quantum state with a classical limit (see, for example, [Hep]).
We take as our quantum state the coherent state |φ~; x0, p0〉 centered around
the point (x0, p0) with a width of
√
~. Recall that a coherent state can be
written
φ~x0,p0 (x) = 〈x |φ~; x0, p0〉 =
1
(π~)1/4
e−(x−x0)
2/2~eip0x/~−ip0x0/2~ (13)
with a Fourier transform
φ˜
~
x0,p0
(p) = 〈p |φ
~
; x0, p0〉 = 1
(π~)1/4
e−(p−p0)
2/2~e−ipx0/~+ip0x0/2~.
We are now in a postion to define the classical limit.
Definition 3 We define a quantum propagator F to have a weak classical
limit if for any A ∈ A0, and for almost every x0, p0,
lim
~→0
(〈φ
~
; x0, p0|F †T~ (A)F |φ~; x0, p0〉 − 〈φ~; β (x0, p0)|T~ (A) |φ~; β (x0, p0)〉
)
= 0.
where β is the classical evolution.
In other words, if, as ~ → 0, all observables have the same values under
classical and quantum evolution for almost all wave packets, we say the
quantum mechanics yields the classical mechanics. Note also that this differs
from the definition given in [Hep] by the use of the “almost all” caveat.
With this definition, we have the following theorem.
Theorem 4 The propagator F defined in 11 has a weak classical limit in
the sense of definition 3.
Proof. We give the proof for a harmonic A = UaV b. The general case
will follow by linearity and continuity. We divide the proof into steps.
Step 1. We first calculate the expectation value of the operator UaV b in
the coherent states. We see
〈φ
~
; x0, p0|UaV b |φ~; x0, p0〉
=
1
(π~)1/2
∫
dxdx′e−(x−x0)
2/2~e−ip0x/~e2πiaxδ (x− x′ − 2πb~) e−(x′−x0)2/2~eip0x′/~
= e2πibp0e2πiax0e−2π
2b2~e−4π
2~(b+ia)2 → e2πibp0e2πiax0 as ~→ 0.
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Step 2. Observe that acting on these states, we see
‖L |φ~; x0, p0〉‖2 = 〈φ~; x0, p0|L |φ~; x0, p0〉
=
1
(π~)1/2
∑
k∈Z
∫ 1/2
0
e−(x+k−x0)
2/~dx.
Suppose x0 6= l/2 for any l ∈ Z. Now choose ǫ > 0 and l ∈ Z such that
x0 ∈ [l/2 + ǫ, (l + 1) /2− ǫ) for l ∈ Z and ǫ > 0.
For the case of l odd, we see that the value of the integral is bounded by∣∣∣∣∣ 1(π~)1/2 ∑k∈Z
∫ 1/2
0
e−(x−x0+k)
2/~dx
∣∣∣∣∣ ≤ 2√π
∫ ∞
ǫ/
√
~
e−x
2
dx.
A bound on this integral can easily be given for ǫ/
√
~ > 1. We see that∫ ∞
ǫ/
√
~
e−x
2
dx ≤
∫ ∞
ǫ/
√
~
xe−x
2
dx =
1
2
∫ ∞
ǫ/
√
~
e−udu = e−ǫ
2/~/2.
Thus we see that for l odd, the limit of the integral is zero as ~→ 0.
Now consider x0 ∈ [l/2 + ǫ, (l + 1) /2− ǫ) with l even. Then we see that
‖L |φ~; x0, p0〉‖2 = ‖(I − R) |φ~; x0, p0〉‖2
= 1− ‖R |φ
~
; x0, p0〉‖2
→ 1 as ~→ 0.
Similar results hold for all the projection operators L,R,B, T, Ex, Ox, Ep, Op
defined in equations 7 and 8. We let l˜, r˜, b˜, t˜, e˜x, o˜x, e˜p, o˜p denote the interior
of the regions given in 4 and 6, that is the regions with the boundaries
removed. (For instance, l˜ does not containt x = 0 or x = 1/2.) Note that(
l˜ ∩ e˜p
)
∪ (r˜ ∩ o˜p) ∪
(
l˜ ∩ o˜p
)
∪ (r˜ ∩ e˜p) is dense in R2.
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We can summarize these results in the following table.
Operator (O) (x0, p0) ∈ ? lim~→0 ‖O |φ~; x0, p0〉‖
Ex e˜x 1
Ex o˜x 0
Ox e˜x 0
Ox o˜x 1
Ep e˜p 1
Ep o˜p 0
Op e˜p 0
Op o˜p 1
L l˜ 1
L r˜ 0
R l˜ 0
R r˜ 1
B b˜ 1
B t˜ 0
T b˜ 0
T t˜ 1
Step 3. Now suppose (x0, p0) ∈ r˜∩ o˜p. Then consider the quantum evolution.
We see
〈φ~; x0, p0|
(
Ep + Y
1/2Op
)
(L+XR)S†UaV bS
(
L+X−1R
) (
Ep + Y
−1/2Op
) |φ~; x0, p0〉
= 〈φ~; x0, p0|
(
Ep + Y
1/2Op
)
(L+XR)U2aV b/2
(
L+X−1R
) (
Ep + Y
−1/2Op
) |φ~; x0, p0〉
Multiplying out, we see 16 term in the expansion. Consider one of these
terms. We see from the chart that∥∥〈φ~; x0, p0|EpXRU2aV b/2LY −1/2Op |φ~; x0, p0〉∥∥
=
∥∥〈φ
~
; x0, p0|EpRU2a+NV (b−N)/2ROp |φ~; x0, p0〉
∥∥
≤ ‖〈φ
~
; x0, p0|Ep |φ~; x0, p0〉‖
×
∥∥∥〈φ~; x0, p0| (RU2a+NV (b−N)/2ROp)† (RU2a+NV (b−N)/2ROp) |φ~; x0, p0〉∥∥∥
→ 0 as ~→ 0.
Similarly, 15 of the terms vanish as ~ → 0. The only surviving term for
(x0, p0) ∈ r˜ ∩ o˜p is
〈φ
~
; x0, p0|OpY 1/2LU2aV b/2LY −1/2Op |φ~; x0, p0〉
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→ 〈φ~; x0, p0|U2aV b/2 |φ~; x0, p0〉
→ e2πi(2ax0+(b/2)p0).
Step 4. Now consider the classical evolution. We have, for (x0, p0) ∈ r˜ ∩ o˜p
〈φ
~
; β (x0, p0)|UaV b |φ~; β (x0, p0)〉 = 〈φ~; 2x0, p0/2|UaV b |φ~; 2x0, p0/2〉
→ e2πi(2ax0+(b/2)p0).
The calculations for the other three regions are similar, and we omit the
details here.This concludes the proof.
II. Planck’s Constant = 1/N
A remarkable set of properties can be associated with quantum dynamics
on a torus if we let Planck’s constant satisfy the integrality condition
h = 1/N.
This fact is evidenced by the quantization schemes presented in [BV] and [S]
for the baker’s map, and [BV] for the cat maps. In [KLMR] and [LRS], an
explicit construction similar to what we presented in the previous section was
given for the cat map, kick maps, and Harper maps. The Hilbert space is
taken to be the standard L2 (R). The quantum torus is defined as the algebra
of observables, or operators on L2 (R), generated by {exp (2πix̂) , exp (2πip̂)}.
In [KLMR] a propagator is found which yields the classical dynamics as
~ → 0 for the cat map. This quantization scheme was called “the quantum
cat map.” It is valid for all ~, but was shown to reduce to the quantizations
given in [BV] for h = 1/N. Here we present a similar result for the baker’s
map. We shall find for the finite-dimensional matrix propagator for N even(
Φ(0,0)n , FΦ
(0,0)
m
)
P
=

∑N/2−1
a=0
(FN)−1
na
( FN/2 0
0 FN/2
)
am
n even∑N/2−1
a=0
(FN)−1
na
(
eiπ(n−2m)/NFN/2 0
0 eiπ(n−(2m−N))/NFN/2
)
am
n odd.
where FN is the matrix for the N -dimensional discrete Fourier transform,
and Φ
(0,0)
n is a basis vector of the Hilbert space H~ (0) ∼= CN defined as the
periodic δ-comb 18, and (·, ·) is the inner product defined in equation 20.
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This propagator is shown here to preserve the symmetry x→ 1 − x and
p→ 1−p, which is not preserved in the original quantization given by Balazs
and Voros [BV]. (In Saraceno [S], an anti-periodic quantization is formulated
which does preserve this symmetry.) Here we see that with a small (O (~))
correction to the Balazs-Voros matrices, the periodic quantization can also
be made to preserve the classical symmetries. Note that along the classical
trajectories n = 2m or n = 2m − N , the extra phase we obtain using this
quantization vanishes.
III. The θ-torus
We let U = exp (2πix̂) and V = exp (2πip̂) be operators on an infinite
dimensional Hilbert space (Bargmann space H2 (C, dµ
~
)), with [x̂, p̂] = i~.
Observe that for h = 1/N the algebra has a natural center generated by
X = UN , (14)
Y = V N .
That is
[X, Y ] = [X,U ] = [X, V ] = [Y, U ] = [Y, V ] = 0.
In [KLMR], this insight was used to show that Bargmann space (the Hilbert
space of entire functions on the plane) can be decomposed via the following
eigenvalue problem:
Xφ (z) = e2πiθ1φ (z) ,
Y φ (z) = e2πiθ2φ (z) ,
where θ = (θ1, θ2) ∈ T2. As in [KLMR], let H~ (θ) denote the space of
(non-normalizable) independent eigenvectors with fixed θ. The space H~ (θ)
was shown to have a natural inner product defined as an integral over the
fundamental domain D = [0, 1]× [0, 1] ⊂ C of Bargmann space given by
(φ1, φ2)P =
∫
D
φ1 (z)φ2 (z) dµ~ (z) , (15)
where dµ~ (z) = (π~)
−1 exp
(− |z|2 /~) d2z. An explicit isomorphism κ :
H2 (C, dµ~) →
∫ ⊕
T 2
H~ (θ) dθ was also derived between H2 (C, dµ~) and the
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direct integral of the spaces H~ (θ). The isomorphism was shown to be inner
product preserving,
(ψ1, ψ2)H2 =
∫
T2
(κψ1 (θ) , κψ2 (θ))P d
2θ,
where ψi =
∫
T2
κψi (θ) dθ. The following lemma was proved:
Lemma 5 (i) The following functions are elements of H~ (θ) of unit norm:
φ(θ)m (z) = Cm (θ) e
−Nπz2+2√2π(θ1+m)z
∑
k∈Z
e−Nπk
2−2π(θ1+iθ2+m)k+2
√
2Nπkz, (16)
where
Cm (θ) := (2/N)
1/4 e−π(θ1+m)
2/N−2πiθ2m/N .
They are periodic in m,
φ
(θ)
m+N = φ
(θ)
m , (17)
and furthermore,
φ
(θ)
0 , ..., φ
(θ)
N−1
are orthogonal vectors in H~ (θ).
(ii) The space H~ (θ) has dimension N . Consequently the functions 16
form an orthonormal basis for H~ (θ).
Composing the Bargmann transformation H2 (C, dµ~) → L2 (R, dx) with
this isomorphism, we can construct the transformation between L2 (R, dx)
and
∫ ⊕
T 2
H~ (θ) dθ. Applying the Bargmann transformation to the basis func-
tions φ(θ)m ∈ H~(θ), we find
Φ(θ)m (x) = B
−1φ(θ)m (x) =
e2πiθ2m/N
N1/2
∑
k∈Z
e2πiθ2kδ
(
x− m+ θ1 +NK
N
)
. (18)
This is the δ-comb wavefunctions described informally in the physics litera-
ture (see, for example [HB]).We use the following notation for these vectors:
Φ(θ)m =
e2πiθ2m/N
N1/2
∑
k∈Z
e2πiθ2k
∣∣∣∣θ1 +mN + k
〉
x
We can, of course, just as easily work in momentum representation. In
fact, for h = 1/N , a rather interesting calculational identity can be found.
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Lemma 6 For h = 1/N ,
Φ(θ)m = e
−2πiθ1θ2/N
N−1∑
n=0
FNmnΦ˜(θ)n ,
where
{
Φ˜
(θ)
n
}
0≤n≤N−1
are the momentum-state wave functions on the torus,
Φ˜(θ)n =
e−2πinθ1/N√
N
∑
k
e−2πiθ1k
∣∣∣∣θ2 + nN + k
〉
p
, (19)
and FNmn is the matrix for the discrete Fourier transform,
FNmn =
e−2πimn/N√
N
.
Remark 1 We see in particular that for the subsets θ1 = 0 or θ2 = 0, chang-
ing coordinates from momentum representation to position representation is
simply a discrete Fourier transform.
Proof. The proof is a direct calculation. We have∫
R
|p〉 〈p|Φ(θ)m dp =
e2πiθ2m/N
N1/2
∑
k∈Z
e2πiθ2k
∫
R
|p〉
〈
p|m+ θ1
N
+ k
〉
x
dp
=
e2πiθ2m/N
N
∑
k∈Z
∣∣∣∣θ2 + kN
〉
p
exp
{
−2πi
(
θ2 + k
N
)
(m+ θ1)
}
.
We now let k → n+ kN , with n ∈ {0, ..., N − 1}, and k ∈ Z, to find∫
R
|p〉 〈p|Φ(θ)m dp =
e−2πiθ1θ2/N
N
∑
n
e−2πimn/Ne−2πinθ1/N
∑
k
e−2πiθ1k
∣∣∣∣θ2 + nN + k
〉
p
= e−2πiθ1θ2/N
∑
n
FmnΦ˜(θ)n ,
as claimed.
Analogous to (15), we can also find an explicit expression for the inner
product over the N -dimensional Hilbert space at each point on the θ-torus
as an integral over the fundamental domain [0, 1] of the real line.
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The inner product defined in 15 can be written as
(Ψ1(θ),Ψ2(θ))P =
∫ 1
0
Ψ1(x, θ)(KΨ2)(x, θ)dx, (20)
where
KΨ2(x, θ) =
∫ ∞
−∞
K (x, y)Ψ2(y, θ)dy,
K (x, y) =
1
2π~
g
(
x− y
2~
)
and
g(r) =
sin r
r
e−~r
2+ir.
We see this via a direct calculation:∫
D
ψ1(z, θ)ψ2(z, θ)dµ~(z) =
∫
D
BΨ1(z, θ)Ψ2(z, θ)dµ~(z)
=
1
2 (π~)3/2
∑
k∈Z
∫ 1
0
dx
∫ ∞
−∞
dyΨ1(x+ k, θ)Ψ2(y, θ)e
−((x+k)2+y2)/2~
×
∫
D
e−(u
2−(x+k)(u−iv)+y(u+iv))/~dudv.
We next use the fact that both Ψ1 and Ψ2 satisfy XΨi = e
2πiθ1Ψi and
YΨi = e
2πiθ2Ψi. Substituting in, we find
1
2 (π~)3/2
∑
k∈Z
∫ 1
0
dx
∫ ∞
−∞
dye−2πikθ2Ψ1(x, θ)Ψ2(y, θ)e
−((x+k)2+y2)/2~
×
∫
D
dudve−(u
2−(x+k)(u−iv)+y(u+iv))/~
=
1
2 (π~)3/2
∑
k∈Z
∫ 1
0
dxΨ1(x, θ)
∑
k∈Z
∫ ∞
−∞
dyΨ2(y − k, θ)e−((x+k)2+y2)/2~
×
∫
D
e−(u
2−(x+k)(u−iv)+y(u+iv))/~dudv
=
1
2 (π~)3/2
∫ 1
0
dxΨ1(x, θ)
∫ ∞
−∞
dyΨ2(y, θ)
sin
(
x−y
2~
)(
x−y
2~
) e−(x2+y2+i(x−y))/2~
14
×
∫ ∞
−∞
e−((u−k)
2−(x+y)(u−k))/~du
=
∫ 1
0
Ψ1(x, θ)(KΨ2)(x, θ)dx.
We see that the kernel K(x, y) is a type of quantum diffraction in keeping
with the uncertainty principle. In fact it can be shown that as ~ → 0,
K(x, y) → δ(x − y). Observe also that with respect to this inner product,
the basis elements
{
Φ
(θ)
m
}
are orthonormal:
(
Φ
(θ)
m ,Φ
(θ)
n
)
P
= δmn.
IV. Dynamics at θ = (0, 0)
The point θ = (0, 0) of the θ-torus corresponds to the N -dimensional
vector space H~ (0) of periodic δ-combs. In fact, for the quantum baker’s
map, we now show that θ = (0, 0) is a fixed point of the dynamics on the
θ-torus for N even. That is, the set of periodic δ-combs is mapped onto itself
by our propagator F . We have
XFΦ(0,0)m = FX
2Φ(0,0)m = FΦ
(0,0)
m
and also
Y Fφ(0,0)m =
(
Ox +X
−1/2Ex
) (
B + Y −1T
)
SY 1/2Φ(0,0)m
=
(
Ex +X
1/2Ox
)
(B + Y T )SXYΦ(0,0)m
=
(
Ex +X
−1/2Ox
) (
B + Y −1T
)
SXY Φ(0,0)m
= FΦ(0,0)m .
Furthermore, at θ = (0, 0) the observables corresponding to the algebra
A~ generated by exp (2πix̂) and exp (2πip̂)characterized by the equations
[X,A] = [Y,A] = 0 for A ∈ A~ is also preserved by the quantum dynam-
ics.That is, we have the following lemma.
Lemma 7 For N even, and A ∈ A~.[
X,F †AF
]
Φ(0,0)m =
[
Y, F †AF
]
Φ(0,0)m = 0.
.
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Remark 2 Observe that we can write any A as
∑
j,k γjkU
jV k. Letting j =
a + Nc and k = b + Nd with 0 ≤ a, b ≤ N − 1 and c, d ∈ Z, we see from
equation 14 that
Ua+NcV b+NdΦ(0,0)m = U
aV bXcY dΦ(0,0)m = U
aV bΦ(0,0)m .
Thus, acting on the subspace H (0), the algebra A~ is reduced to a set of N2
operators. This is isomorphic to the algebra of N ×N matrices.
Proof. The proof is a straightforward calculation using the commutation
relations 9. We provide here the case of a pure harmonic UmV n. The general
case follows immediately by linearity and continuity.
XF †AFΦ(0,0)m
= XS† (B + Y T )
(
Ex +X
1/2Ox
)
UmV n
(
Ex +X
−1/2Ox
) (
B + Y −1T
)
SΦ(0,0)m
= S† (−1)n (T + Y B) (Ex +X1/2Ox)UmV n (Ex +X−1/2Ox) (T + Y −1B)SXΦ(0,0)m
= S† (B + Y T )
(
Ex +X
1/2Ox
)
UmV n
(
Ex +X
−1/2Ox
) (
B + Y −1T
)
SΦ(0,0)m
= F †AFΦ(0,0)m .
Likewise,
Y F †AFΦ(0,0)m = F
†AFΦ(0,0)m .
We can now determine the matrix elements for the dynamics at this
fixed point. This result should be compared to the baker’s map quantum
propagator given in [BV].
Theorem 8 The matrix elements for the propagator F on the subspaceH (0)
are given by(
Φ(0,0)n , FΦ
(0,0)
m
)
P
(21)
=

∑N−1
a=0
(FN)−1
na
( FN/2 0
0 FN/2
)
am
n even∑N−1
a=0
(FN)−1
na
(
eiπ(n−2m)/NFN/2 0
0 eiπ(n−(2m−N))/NFN/2
)
am
n odd
(22)
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Proof. We divide this calculation into different cases. For 0 ≤ m < N/2,
we have
FΦ(0,0)m =
(
B + Y −1T
) (
Ex +X
−1/2Ox
)
SΦ(0,0)m
=
(
B + Y −1T
) (
Ex +X
−1/2Ox
)
S
1√
N
∑
k∈Z
∣∣∣m
N
+ k
〉
=
(
B + Y −1T
) (
Ex +X
−1/2Ox
)√ 2
N
∑
k∈Z
∣∣∣∣2mN + 2k
〉
=
1√
2
(
B + Y −1T
) (
Ex +X
−1/2Ox
) (
Φ
(0,0)
2m + e
−2πim/NΦ(0,1/2)2m
)
=
1√
2
Φ
(0,0)
2m +
e−2πim/N√
2
(
B + Y −1T
) (
Ex +X
−1/2Ox
)
Φ
(0,1/2)
2m .
FΦ(0,0)m =
(
Ex +X
−1/2Ox
) (
B + Y −1T
)
SΦ(0,0)m
=
(
Ex +X
−1/2Ox
) (
B + Y −1T
)√ 2
N
∑
k∈Z
∣∣∣∣2mN + 2k
〉
=
1√
2
(
Ex +X
−1/2Ox
) (
B + Y −1T
) (
Φ
(0,0)
2m + e
−2πim/NΦ(0,1/2)2m
)
=
1√
2
Φ
(0,0)
2m +
e−2πim/N√
2
(
Ex +X
−1/2Ox
)
(B − T ) Φ(0,1/2)2m .
Now, observe that
BΦ(0,1/2)m =
eiπm/N√
N
∑
k∈Z
(−1)k
∫
[0,1/2)+Z
|p〉 〈p| m
N
+ k
〉
x
dp
= eiπm/N
∫
[0,1/2)+Z
|p〉
(∑
k∈Z
e2πik(1/2−Np)
)
e−2πipmdp
=
eiπm/N√
N
N/2−1∑
a=0
e−2πi(a+1/2)m/N
1√
N
∑
k∈Z
∣∣∣∣a+ 1/2N + k
〉
p
=
1√
N
N/2−1∑
a=0
e−2πiam/N Φ˜(0,1/2)a ,
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where we have used the “p-state” δ-comb given in 19. Thus, we see that
(B − T )Φ(0,1/2)m =
1√
N
N/2−1∑
a=0
e−2πiam/N −
N−1∑
a=N/2
e−2πiam/N
 N−1∑
b=0
(F−1)
ab
Φ
(0,1/2)
b ,
and
FΦ(0,0)m =
1√
2
Φ
(0,0)
2m
+
e−2πim/N√
2N
N/2−1∑
a=0
e−2πia(2m)/N −
N−1∑
a=N/2
e−2πia(2m)/N

×
N−1∑
b=0
(F−1)
ab
(
Ex + (−1)bOx
)
Φ
(0,1/2)
b .
Now, observe
ExΦ
(0,0)
m =
1√
N
∑
k∈Z
χex(
m
N
+ k)
∣∣∣m
N
+ k
〉
x
So for m ∈ [0, N − 1] + 2NZ, this yields
ExΦ
(0,0)
m =
1√
N
∑
k∈even
∣∣∣m
N
+ k
〉
x
=
1√
N
∑
k∈Z
∣∣∣m
N
+ 2k
〉
x
=
Φ
(0,0)
m + e−iπm/NΦ
(0,1/2)
m
2
.
For m ∈ [N, 2N − 1] + 2NZ, however, we find
ExΦ
(0,0)
m =
Φ
(0,0)
m − e−iπm/NΦ(0,1/2)m
2
.
We let [m/N ] be the integer part of m/N , and observe that
ExΦ
(0,0)
m =
1
2
(
Φ(0,0)m + e
−iπ(m/N−[m/N ])Φ(0,1/2)m
)
,
OxΦ
(0,0)
m =
1
2
(
Φ(0,0)m − e−iπ(m/N−[m/N ])Φ(0,1/2)m
)
,
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and
(Ex − Ox) Φ(0,0)m = e−iπ(m/N−[m/N ])Φ(0,1/2)m .
Having checked that this is consistent with Φ
(θ)
m+N = Φ
(θ)
m , we now restrict
ourselves to the original basis vectors, m ∈ [0, N − 1].
From the identity (Ex −Ox)2 = I, it follows immediately that
(Ex −Ox)Φ(0,1/2)m = eiπm/NΦ(0,0)m .
Thus,
FΦ(0,0)m =
1√
2
Φ
(0,0)
2m
+
e−2πim/N√
2N
N/2−1∑
a=0
e−2πia(2m)/N −
N−1∑
a=N/2
e−2πia(2m)/N
 N−1∑
b even
(F−1)
ab
Φ
(0,1/2)
b
+
e−2πim/N√
2N
N/2−1∑
a=0
e−2πia(2m)/N −
N−1∑
a=N/2
e−2πia(2m)/N
 N−1∑
b odd
eiπb/N
(F−1)
ab
Φ
(0,0)
b .
Consider just the middle term. Since we have already shown that θ = (0, 0)
is a fixed point of the dynamics, we should see this term exactly vanishing.
In fact a direct calculation readily shows this. For b even
e−2πim/N√
2N
N/2−1∑
a=0
e−2πia(2m)/N −
N−1∑
a=N/2
e−2πia(2m)/N
(F−1)
ab
=
e−2πim/N
N
√
2
N/2−1∑
a=0
e−2πia(2m)/Ne2πiab/N −
N/2−1∑
a=0
e−2πi(a+N/2)(2m)/Ne2πi(a+N/2)b/N

= 0.
Thus,
FΦ(0,0)m =
1√
2
Φ
(0,0)
2m
+
e−2πim/N√
2N
N/2−1∑
a=0
e−2πia(2m)/N −
N−1∑
a=N/2
e−2πia(2m)/N
 N−1∑
b odd
eiπb/N
(F−1)
ab
Φ
(0,0)
b .
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We next calculate the matrix elements. We see
(
Φ(0,0)n , FΦ
(0,0)
m
)
P
=

∑N/2−1
a=0
(FN)−1
na
( FN/2 0
0 0
)
am
n even
eiπ(n−2m)/N
∑N/2−1
a=0
(FN)−1
na
( FN/2 0
0 0
)
am
n odd
where
Fmn = e
−2πimn/N
√
N
.
For the case N/2 ≤ m < N , we see
FΦ(0,0)m =
(
Ex +X
−1/2Ox
) (
B + Y −1T
)√ 2
N
∑
k∈Z
∣∣∣∣2m−NN + 2k + 1
〉
=
1√
2
φ
(0,0)
2m−N −
e−2πim/N√
2N
 N−1∑
a=N/2
e−2πia(2m)/N −
N−1∑
a=N/2
e−2πia(2m)/N

×
N−1∑
b odd
eiπb/N
(F−1)
ab
Φ
(0,1/2)
b
Thus,
(
Φ(0,0)n , FΦ
(0,0)
m
)
P
=

∑N/2−1
a=0
(FN)−1
na
(
0 0
0 FN/2
)
am
n even
eiπ(n−(2m−N))/N
∑N/2−1
a=0
(FN)−1
na
(
0 0
0 FN/2
)
am
n odd
Combining all our previous results, we see that equation 21 holds for any m.
This completes the proof of the theorem.
Lemma 9 The matrix Bnm =
(
Φ
(0,0)
n , FΦ
(0,0)
m
)
is unitary.
Proof. Consider the case 0 ≤ n,m < N/2
N−1∑
j=0
(
F †
)
nj
Fjm =
N−1∑
j=0
F ∗jnFjm
20
=
1
2
∑
j even
δj,2nδj,2m
+
∑
j odd
 1
N/
√
2
e−iπ(j−2n)/N
N/2−1∑
a=0
e−2πija/Ne2πian/(N/2)

×
 1
N/
√
2
e−iπ(j−2n)/N
N/2−1∑
a=0
e−2πija/Ne2πian/(N/2)

=
1
2
δn,m +
2e2πi(n−m)/N
N2
∑
j odd
N/2−1∑
a,b=0
e2πij(b−a)/Ne2πi(an−bm)/N/2
=
1
2
δn,m +
e2πi(n−m)/N
N
N/2−1∑
a=0
e2πia(n−m)/N/2
= δn,m.
The remaining cases use an analogous calculation. We omit the details here.
V. Parity Conservation in the Quantum Dynamics
We can see explicitly that at the fixed point θ = (0, 0) the dynamics is
invariant under the symmetry x → 1 − x and p → 1 − p. To see this, we
define the parity operator P such that
P |x〉 = |1− x〉 ,
P |p〉 = |1− p〉 .
Then observe that
PFφ(0,0)m = P (Ex +X
−1/2Ox)(B + Y
−1T )SP−1Pφ(0,0)m
= (Ox +X
1/2Ex)(T + Y B)SPφ
(0,0)
m
= (Ex +X
−1/2Ox)(B + Y T )SPφ
(0,0)
m .
Since
Y TSPφ(0,0)m = Y
−1TSPY φ(0,0)m = Y
−1TSPY φ(0,0)m
we see that
PFφ(0,0)m = FPφ
(0,0)
m
21
Thus we see that on the subspace H~ (0), the dynamics commutes with the
parity operator, hence is conserved.
The authors would like to thank Andrew Lesniewski, Christopher King,
Lev Kaplan, and Eric Heller for many fruitful discussions. RR is supported
by a National Science Foundation Graduate Research Fellowship.
22
References
[BBTV]Berry, M., Balazs, N., Tabor, M., Voros, A.: Quantum Maps, Ann.
Phys., 122, 26-63 (1979)
[BV] Balazs, N. and Voros, A : Quantized Baker’s Transformation, Ann.
Phys., 190, 1-31 (1989)
1De Bievre, S, Esposti, M.D., Giachetti, R.: Quantization of a Class of
Piecewise Affine Transformations of the Torus, Preprint (1994)
[E] Esposti, D. : Quantization of Orientation Preserving Automorphisms
of the Torus, Ann. l’Inst. H. Poincare, 58, 323-341 (1993)
[EGI]Esposti, D., Graffi, S., and Isola, S. : Classical Limit of the Quantized
Hyperbolic Toral Automorphisms, Comm. Math. Phys., 167, 471-507
(1995)
[Hep]Hepp, K.: The Classical Limit for Quantum Mechanical Correlation
Functions, Comm. Math. Phys. 35, 265-277 (1974)
[HB] Hannay, J.H., and Berry, M. : Quantization of Linear Maps on a Torus
- Fresnel Diffraction of a Periodic Grating, Physica, 1D, 267-290 (1980)
[K1] Keating, J. : The Cat Maps: QuantumMechanics and Classical Motion,
Nonlinearity, 4, 309-341 (1991)
[KL] Klimek, S. and Lesniewski, A. : Quantizes Chaotic Dynamics and non-
commutative KS entropy, Ann. Phys., 248, 173-198 (1996)
[KLMR]Klimek, S., Lesniewski, A., Maitra, N., and Rubin, R.: Ergodic Prop-
erties of quantized Toral Automorphisms, Harvard University preprint
(1995)
[LRS]Lesnieski, A., Rubin, R., and Salwen, N.: Classical Limits for Quantum
Maps on the Torus, Journal of Math Phys, to appear
[S] Saraceno, M.: Classical Structures in the Quantized Baker’s Transfor-
mation, Annals of Physics 199, 37-60 (1990)
23
